Abstract. The present article determines the indices of the principal congruence subgroups of the Bianchi groups B d , SL(2, O) and elementary matrix group E and extends Wohlfahrt's Theorem to B d , SL(2, O) and E, where O is the ring of integers of some number fields.
1. Introduction
Elementary matrix groups and Γ = SL(2, O).
Let O be the ring of integers of a number field and let {w 1 = 1, w 2 , · · · w n } be an integral basis of O. The elementary matrix group studied by P. M. Cohn is the subgroup E of Γ generated by (see [C1] , [C2] , and Section 4.2 of [F] )
(1.1)
Let π be a nontrivial ideal of O. The principal congruence subgroups E(π) and Γ(π) of E and Γ respectively are defined by E(π) = {(a ij ) ∈ E : a 11 − 1, a 22 − 1, a 12 , a 21 ∈ π}, (1.2) Γ(π) = {(a ij ) ∈ Γ : a 11 − 1, a 22 − 1, a 12 , a 21 ∈ π}.
(1.3)
A subgroup K of E is called congruence if it contains E(π) for some π ⊆ O. Congruence subgroups for Γ and P SL(2, O) can be defined analogously (see 3.3 for P SL(2, O)).
1.2. Index formula. The first part of the present article studies the index of the congruence subgroup E(π) of E. As a byproduct, the index of the principal congruence subgroup Γ(π) of Γ can be recovered simultaneously (see [F] , [P] when the class number of O is one).
Theorem 2.6. Let (1) = π ⊆ O be an ideal and let E and Γ be given as in subsection 1.1.
Then [E : E(π)] = [Γ : Γ(π)] = N (π)
(1 − N (P ) −2 ) (1.4) Theorem 2.6 is equivalent to g : E → SL(2, O/π) defined by g(X) = X (mod π) is surjective. Unlike the modular group case (Lemma 1.38 of [Sh] ), we give an indirect proof by studying the normal series of E(π) ⊳ E that consists of principal congruence subgroups (Section 2). Our study shows that [Γ : Γ(π)] = [E : E(π)] is multiplicative (Lemma 2.1). In the case π = P n , where P is a prime ideal, Γ/Γ(P) ∼ = E/E(P) ∼ = SL(2, O/P) and Γ(P r )/Γ(P r+1 ) ∼ = E(P r )/E (P r+1 ) is elementary abelian of order N (P) 3 for every r ≥ 1 (Lemmas 2.3 and 2.4). Consequently, our approach determines the order and group structure of Γ/Γ(π) and E/E(π).
1.3. Whlfahrt's Theorem for E and Γ. Let K be a subgroup of Γ of finite index. We say K has level m if m is the smallest positive integer such that the normal closure of the subgroup generated by 1 mw i 0 1 : 1 ≤ i ≤ n (1.5)
is contained in K. Note that such m exists as K is of finite index in Γ. The level of subgroups of E is defined similarly. In [W] , Wohlfahrt proved that every subgroup S of finite index of the modular group Γ = SL(2, Z) is congruence if and only if Γ(m) ⊆ S where m is the level of S. The second part of the present article is to prove the following theorems which extend Wohlfahrt's Theorem to E and Γ = SL(2, O). Theorem 3.2. Let K be a subgroup of finite index of E. Suppose that K has level m. Then K is congruence if and only of E(m) ⊆ K. Theorem 3.4. Let K be a subgroup of finite index of Γ. Suppose that K has level m. Then K is congruence if and only of Γ(m) ⊆ K. Theorem 3.4 has been proved by Fine and Petersen when O is the ring of integers of Q( 2, 3, 7, 11, 19, 43, 67, 163 (Theorem 4.7 .3 of [F] , Theorem 3.1.1 of [P] ). As an immediate application of Serre's result [S] and Theorem 3.4, one has Corollary 3.5. Suppose that O has a unit of infinite order and that K is normal of index m in Γ = SL(2, O). Then Γ(m) ⊆ K. Theorem 3.4 enables us to construct non-congruence subgroups for SL(2, O) and P SL(2, O). Unlike most of the known construction which requires the existence of a subgroup S of finite index such that S/ [S, S] has rank 2 or more (see [F] , [GS] , [Lu] , [N] , and [Z] for examples), our construction can be achieved even if S/ [S, S] is finite. To be more precise,
Suppose further that S/ [S, S] has a subgroup N of prime index q such that q is inert or q ≥ 5 is split, and gcd (q, |SL(2, O/n)|/g) = 1. Then N is a non-congruence subgroup of P SL(2, O) of index gq. In particular, if the rank of S/[S, S] is one or more, then S contains a non-congruence subgroup of P SL(2, O) of finite index.
See Definition 5.1 for the terms split, inert and ramified.
1.4. Congruence subgroup problem. We say G = P SL(2, O) has congruence subgroup property (CSP) if every subgroup of finite index is congruence. Applying the well known results of Serre [S] The purpose of this section is to determine the indices [Γ : Γ(π)] and [E : E(π)] simultaneously. Recall that g : E → SL(2, O/A) is defined by g(X) = X (mod A) and that a key fact of the study of the index [E : E(A)] is to prove that g is surjective (see subsection 1.2). We find this difficult as a matrix σ ∈ SL(2, O) satisfies σ ≡ x, where x ∈ SL(2, O/A), is not necessarily a member of E as E = SL(2, O) if the class number of O is two or more. As a consequence, we have to prove the surjectivity of g in a different way.
Upper and lower bounds for
(2.1)
To start off our study of an upper bound of [Γ : Γ(π)], we consider the homomorphism f : Γ → SL(2, O/π) defined by f (X) = X modulo π. It is clear that the kernel of f is Γ(π). As a consequence,
Consider the prime factorisation π = π ei i and the homomorphism g :
Similar to the modular group case (see Section 1.6 of [Sh] ), the order of 4) where N (π i ) is the absolute norm of π i . As a consequence, [Γ :
−2 ). In summary, one has
The rest of this section is to study [E : E(π)]. See Theorem 2.6 for the main results.
The index [E :
E(π)] is multiplicative. We prove the following useful lemma which will be used later in our study of the concept level of Wohlfahrt's (Lemma 3.1).
Lemma 2.1. Let K be a normal subgroup of E. Suppose that
In particular, let A and B be two ideals of O such that
Proof.
Note that the order of T 1 S is three. Hence
This completes the proof of the first part of the lemma. Let A and B be two ideals of O and let {a 1 , a 2 · · · , a n } and {b 1 , b 2 , · · · , b n } be integral bases of A and B respectively. Since A + B = O, there exists x i k , y j k ∈ Z such that
for all 1 ≤ i ≤ n. Pass to E(A) and E(B), (2.7) implies that (see Remark 2.2 for quadratic case) 
w ∈ E(B). As a consequence, (2.10) implies that T 1 , T w ∈ E(A)E(B).
, where π is a prime ideal. We shall first study the index
Note that O/π is a finite field of characteristic p where p is the smallest positive rational prime in π. Lemma 2.3. Let π ⊆ O be a prime ideal and let p be the smallest positive rational prime
Proof. Since {w 1 , w 2 , · · · , w n } is an integral basis of O (see subsection 1.1) and S, T i ∈ E for all i. E/E(π) contains all the elementary matrices.
for all x, y ∈ O/π. Note that O/π is a finite field. One may perform elementary row and column operations to show that every matrix in SL(2, O/π) can be written as a word in S, T x and Ly. As a consequence, E/E(π) ∼ = SL(2, O/π). This completes the proof of the lemma.
3 , where p is the smallest positive rational prime in π.
Proof. Suppose that N (π) = |O/π| = p r for some r. It follows that π n /π n+1 is an elementary abelian p-group of order p r . Let {x 1 , x 2 , · · · , x r } be a set of generators of π n /π n+1 . Then
, where a i ∈ Z, then p|a i for all i. Since T i ∈ E for all i, it is clear that
(see (1.1) for the definition of T i ). The matrix forms of X i , Y j , Z k are given as follows.
Write the above matrices into the form I + A i for some A i . Since x i x j ∈ π m+1 for all i and j, one sees easily that
As a consequence, the above matrices modulo π m+1 generate an elementary abelian p-group. Set
Since {x 1 , x 2 , · · · , x r } is a Z p -independent set, one sees easily that A modulo π m+1 is elementary abelian of order p 2r , B modulo π m+1 is elementary abelian of order p r and
This completes the proof of the lemma.
Remark 2.5. Since A and B are abelian groups, elements in A and B take the following simple forms respectively.
2.4. The main result. Apply (2.5) and Lemmas 2.3 and 2.4, we have the following results. It gives the indices in terms of the norms of ideals. Theorem 2.6. Let 1 = π ⊆ O be an ideal. Then
where the product is over the set of all prime ideals P that divide π and N (P ) is the absolute norm of P . Proof. Since the index [E : E(π)] is multiplicative (Lemma 2.1), one may apply Lemmas 2.3 and 2.4 to conclude that [Γ :
3. Wohlfahrt's Theorem 3.1. Wohlfahrt's Theorem for E. Denoted by N (E(mn), m) the normal closure of E(mn) and
The following lemma (Lemma 3.1) shows that N (E(mn), m) = E(m). It follows immediately from this lemma that Wohlfahrt's Theorem can be extended to the elementary matrix groups (Theorem 3.2).
Lemma 3.1. N (E(mn), m) = E(m). Proof. Let x be the smallest positive rational integer such that E(x) ⊆ N (E(mn), m) ⊆ E(m). Suppose that x > m. Since m is a divisor of x, one has x = mm 0 p, where m 0 , p ∈ N and p is a prime. Set q = mm 0 . Then
Note that X ⊆ E(q). It is now clear that (3.2) implies that X = E(q). By (3.1),
. This contradicts the minimality of x. Hence x = m. Equivalently, N (E(mn), m) = E(m).
Case 2. gcd (p, q) = 1. It follows that p|q. By Theorem 2.6, [E(q) :
∈ E(q). The matrix form of the above matrices are given as follows.
Similar to Lemma 2.4, the above matrices modulo E(pq) generate an elementary abelian pgroup of order N (p) 3 . Since these matrices are conjugates of N (E(mn), m) . This contradicts the minimality of x. Hence x = m. Equivalently, N (E(mn), m) = E(m). This completes the proof of the lemma. Proof. Suppose that K is congruence. Then E(n) ⊆ K for some n. Hence E(mn) ⊆ K.
The converse is clear. (1 ≤ i ≤ n) in Γ. The following lemma is essential in our study of Wohlfahrt's Theorem for Γ.
Proof. Let X = N (Γ(mn), m). An easy study of the group diagram of the following six groups Γ(mn) ⊆ X ⊆ Γ(m) and Corollary 3.5. Suppose that O has a unit of infinite order and that K is normal of index
Proof. Since O has a unit of infinite order, every subgroup of Γ of finite index is congruence (Serre [S] ). Since K is normal of index m, the level of K is a divisor of m. It follows from Theorem 3.4 that Γ(m) ⊆ K.
3.3. Discussion. Let G = P SL(2, O) or P E = E/ ±I . Define the principal congruence subgroup G(π) to be G(π) = {x ∈ G : x ≡ ±I (mod π)}. A subgroup K of G is a congruence subgroup if K contains G(π) for some π ⊆ O. Let K be a subgroup of G of finite index. The level of K is the smallest positive integer m such that the normal closure of the subgroup generated by
is contained in K. Theorems 3.2 and 3.4 can be extended easily to G as follows. 
In the case −d = 1, 2, 3, 7, 11, Cohn's results [C1] implies that P E d = B d . The group structure for such B d is completely known (Theorem 4.3.1 of Fine [F] ). In the case −d = 1, 2, 3, 7, 11, P E d = {a, t, u : a 2 = (at) 3 = [t, u] = 1} (Theorem 4.8.1 of [F] ). Set Ω = {−1, −2, −3, −7, −11}. As an easy application of their results, one has the following.
We now turn our attention to the case d /
∈ Ω = {−1, −2, −3, −7, −11}. Works of Swan and others (see Theorem 6.2.2 and pp. 195 of Fine [F] ) imply that Theorem 4.1. Suppose that −d = 1, 2, 3, 7, 11. Then the rank r of
First application : Non-congruence subgroups of small indices
The main purpose of this section is to construct normal non-congruence subgroups of small indices and levels of the Bianchi groups. Throughout the section, d < 0 is square free and B d (x) is the principal congruence subgroup associate to x.
Definition 5.1. Consider the prime decomposition (q) = P e1 1 P e2 2 · · · P es s in O. q is inert if s = 1, e 1 = 1, q is split if s ≥ 2, e 1 = e 2 = · · · e s = 1, q is ramified if e i ≥ 2 for some i. and that S has a normal subgroup N of index q. It is clear that the level of N is a divisor of nq. Suppose that N is congruence. By Theorem 3.6, G(nq) ⊆ N and G(n) ⊆ S, where G(m) is the principal congruence subgroup of level m. We have two cases to consider.
An easy study of the indices of the groups
We consider the composition factors of the following normal series.
Proposition 5.3. Let q ∈ N be a prime. Suppose that q is inert or q ≥ 5 is split in O d and that d = −1, −3. Then B d has a normal non-congruence subgroup of level q, index q. Similarly, P E d has a normal non-congruence subgroup of level q, index q. x ∈ H 2 is characteristic of index 3 in H 2 . Further,
6. Second Application : The power subgroups 6.1. Now we turn our attention to the power group
. We shall first prove a lemma that will be useful for our study. Throughout the section, d < 0 is square free, B d (x) is the principal congruence subgroup associated to x. The main purpose of this section is to show that the number of d's such that B 2 d is congruence is finite (Propositions 6.2 and 6.3). Lemma 6.1.
Proof. Suppose that (2) is a prime ideal. Then P SL(2, O/2) ∼ = A 5 is non-abelian simple. Hence G = G 2 . In the case (2) is split, G ∼ = S 3 × S 3 and the lemma holds. We may therefore assume that (2) is ramified. Let π be the prime ideal that divides (2) = π 2 . It follows that |G| = 48 and G is an extension of
To be more accurate, pick w ∈ π \ (2), then A = x, y, z , where
One can show easily that the group generated by x, y and z is elementary abelian of order 8 modulo (2) (see (i) and (ii) of Lemma 2.4). Similarly, X = S, R , where
Note that S and R generate a symmetric group of order 6 modulo (2). Let B be the subgroup of A generated by xz and yz.
B is invariant under the conjugation of R. Hence B and R generate a subgroup of G of order 12. It is clear that z, S ∩ B, R = 1 and that z and S normalise D = B, R . Hence D is a normal subgroup of G and that
is an elementary abelian 2-group and |G| = 48, the order of G 2 is either 3 or 6. In both cases, one concludes that the Sylow 3-subgroup of G 2 is a normal subgroup of G. This is a contradiction as R is not normal. Hence D = G 2 . This completes the proof of the lemma. (2) is not a prime. By Lemma 6.1, Suppose that the class number of O d is three or more. By Theorem 4.1, In the case d ≡ 5 (mod 8), one has the following.
Proposition 6.6. Suppose that d ≡ 5 (mod 8). Then P E 2 d is congruence. Proof. By Table 1 , Proof. Since Q[ √ d ] has a unit of infinite order, G has CSP (Serre [S] ). By our assumption, G has a normal subgroup of index q. By Lemma A1, q is ramified or split and q ≤ 5. Proposition 7.2 suggests the following. 
Let t = rs −1 u. t (mod q) can be found in (A2). It is clear that r, s, u = r, s, t (mod q).
G/G(π) ∼ = S = 0 1 −1 0 , T = 1 1 0 1 , t ≡ 1 − x 0 0 1 + x .
Set v g = gvg −1 . Direct calculation shows that (see (i) and (ii) of Lemma 2.4 for matrix multiplication of G(π)/G(q)) r S = s −1 , s S = r −1 , t S = t −1 , r T = rs −1 t −1 , s T = s, t T = s 2 t.
Lemma A1. Suppose that G = P SL(2, O d ) has CSP. Let q be a rational prime. Suppose that q ∈ O d is inert or q ≥ 5. Then G has no normal subgroups of index q. Proof. Suppose that G has a normal subgroup K of index q. Since G has CSP, G(q) ⊆ K (Theorem 3.6). In the case q is inert, G/K is a normal subgroup of the simple group G/G(q) ∼ = P SL(2, q 2 ). A contradiction. In the case q ≥ 5 is split, G/K is a normal subgroup of index q of G/G(q) ∼ = (SL(2, q) × SL(2, q))/Z 2 . Again, a contradiction. Hence we may assume that q ≥ 5 is ramified. Let π be the prime ideal that divides (q) = π 2 . Since q ≥ 5, P SL(2, O d /π) is non-abelian simple. Hence G(π) is not a subgroup of K. Hence N = K/G(q) ∩ G(π)/G(q) is a normal subgroup of G/G(q) of order q 2 . Take 
